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56 SOLUTIONS OF PEOBLEMS. 

2°. The integral under consideration is known as the Beta function, or first Eulerian integral, 
and is denoted by B(yn, n). This function is to be expressed in terms of the Gamma function, or 

/•oo 

second Eulerian integral, T(m) — J e~*x m ~ 1 dx. The required relation is 

K( m „i _ r(w)r(w) 
T(m + n) 
In 

B{m, n) = f l x m ~ l {l - x) n ~ l dx (1) 

set x — y/(l + y), obtaining, 

B ^ n) -£<xT3r* d v- (2) 

In 

r(w) = J*°° e-*0»- l dz, 

if we set z = ax, we get the formula, 



r(m) 
In (3) replace a by 1 + y and m by m + n, obtaining, 



a m r(m)«/o 
n +n, obtaining, 

(i +2/ )»+»- r ( TO + n)Jo e x ax - w 

(2) and (4) give 

B{m > n) = r(m+n) X" d "X" e- tl+ » )I a?» + »-'r- 1 ^. (5) 

In (5) the order of integration may be inverted. 2 For, (1) the integrand, f(x, y), is continuous in 

/(a:, 2/)rfa; and J f(x, y)dy are uniformly 

convergent 3 in any intervals (a, 6), a>0, and (a, /3), <*>0, respectively; and (3) J da; J f(x,y)dy 
exists, since 

f°°f( x > v)dy ~ e-"x m+n ~ 1 J e-wyn-Wy 

= e-»a; m+n - 1 • ar»r(>»), by (3) 

= e- x x n - 1 T(m) <6) 

and, therefore, for a > 0, using (6), 

f °° <&; F*f(.x, y)dy = r(m) lim f °° e-'x'^dx = r(m)r(n). (7) 

«/0 </o a=0*'« 

The conditions for inversion being fulfilled, (5) and (7) give the desired result, 

B{m, n) = _; , — r • 
' T(w + n) 

383. Proposed by william cuixum, Albion, Mich. 

Find the area of the curved surface of a right cone whose base is the asteroid, a: 2 ' 3 + ^ 2 ' 3 = a 2 ' 3 , 
and whose altitude is h. From Townsend and Goodenough's First Course in Calculus, p. 288, 
Ex. 11. 

Note. Among other methods, find the required area by means of the formula 



//V>+(g)'+(g)'** 



Editors. 



2 See Nielson's Handbuch d. Theorie d. Gamma Functionen, pages 148-9. Pierpont, loo. eit., 
£680, 3. 

3 Pierpont, loc. cit., § 663. 
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Two Solutions by F. L. Griffin, Reed College. 

(I) By a single integration. The element of area is a triangle, whose base ds is an elementary 
arc of the asteroid, and whose altitude H is the perpendicular from the vertex of the cone upon the 
tangent to the arc ds. This perpendicular is the hypotenuse of a right triangle whose legs are the 
height of the cone h, and the perpendicular p from the center of the base upon the tangent. Hence 



dS = \Hds, where H = -\fe 2 + p 2 . 



From the parametric equations of the asteroid x => a cos 3 t,y = a sin 3 1, we find ds = ^dx* + dy* 
= fa sin 2tdt. Also, since dy/dx = — tan t, the equation of the tangent line is Y — a sin 3 t 
= — tan t(X — a cos 8 1). On reducing this to the normal form we find 

a sin 8 1 + tan t • a cos 3 1 . . 

p = ' - = Jo sin 2t; 

r sec t 

whence 

H = ■yjh* + j sin 2 2* = i V(4fc 2 +a 2 )-a 2 cos 2 2«. 
Finally, 



2 
which reduces, on putting cos 2t = z, to 



S = ?5 J^' 2 >/ (4A 2 + a 2 ) - a 2 cos 2 2f • sin 2tdt, 



S = fa 2 f l J W t a * ~ * 2 az = I a>> + IW? + <* 2 ) sin" 1 , ° . 
J-i V a 2 T V4A* + a 2 

[This result, by the way, has a simple interpretation: Three times the right triangle which forms 
half of the broadest vertical section of the cone, increased by three times a circular sector whose 
radius is the smallest slant height of the cone and whose angle is the angle between two such 
opposite smallest slant heights.] 

(II) By the formula f f VF+ (dz[dx) 2 + (dz/dy) 2 dydx. The equation of the surface, taking 
the origin at the center of the base, is 

z = h - - (a?' 8 + « 2 "), 3 / 2 

whence 



Xa /»( a 2»S_j;2/3)S;S / M 

J -y^'Y" + - 2 (z 2 ' 8 + y V3 yx- V3 y- V3 dydx. 



Put x = au 312 , y = aei 8 ", h[a = Ifk, and we have 

nl /»1— u 



s = ^rX Jo " ^ k2w + ( u + ») 2(fo !* M 



g log {_ 2 jJ o 



= ii - j 2 - h + n, 

where 



/, = 9a ' fc(fc ' + 4) f 1 u 2 log (2 + »u + 2Tll+k*u-hW)du, 

n = ?^|±i) £ M2[log u + i og p + mu = *<£±J> pog p + 4 ) 3 - u. 
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To evaluate I lf complete the square and put 



1 /, . VP~+4 . A 
Then 

a/1 + khi - kV = ^ cos 0, 

and 2 + kH = J (A; 2 + 4)(1 + sin a sin 0) where a = sin"i (£/>/#> + 4) = cos" 1 (2/Vfc 2 + 4). 
Hence, 

/i = ^^ 4)2 fl a (1 + sin a sin 0) cos 2 0<*0 

To evalute /a, first integrate by parts, putting 

# = log (2 + /b 2 ^ + 2 Vl + fc«zt - fc 2 w 2 ), dV = 9a ' fc( ^ + 4 ) M 2 dM . 

Then 

„ _ Wi f _ (fc 2 + 4)m \ 3a 2 fc(fc 2 + 4) , 

2i? I 1 2 + fc 2 M + 2i?j' K ~ 8 M ' 



where B = -\!l + fc 2 ^ - khiK Then 

.. 3a 2 Jb(fc 2 +4) f. , , „ n fc 2 fi w 3 dw . fc 2 (fc 2 + 4) pi u*du \ 

h 8 JKlog(2 + fc 2 u+2ii!)] - T J o — +_^J i Sg -_-__ g | 



3a 2 fc(/b 2 + 4) , ... , ., 7 , r 
= ^g log (& 2 + 4) - 7 6 +7 6 , 



where 



r 3« 2 fc 3 (fc 2 + 4) pi uHu Za?(W+4)? p* ,. , . „,,.„ 

h = 7^ I , = — \ ' I (sin a + sm 0) 3 d0, 

16 Jo ^1 + Jfeiu - Jfe^ 2 128ft «'-« 

I 
[2a sin 3 a + 3a sin a — 3 sin 2 a cos a], 



and 



^1+khi 

3a 2 (fc 2 + 4)* , 
128fc 

= 3 -^^[(5* 2 + 12)«-6*], 

, 3a 2 fc 3 (fc 2 + 4) 2 pi u*du 

it = 



J'l u*du 
-Vl + khi - k*u*(2 + khi + 2 Vl + khc - iW) 



16 
3a 2 (fc 2 + 4) 3 pa (sin a + sin 0) 4 d0 



128& 2 J -a sin a sin + cos a cos + 1 ' 



2 + kHi = |(fc 2 + 4)(l+sin«sin0) and 2B = >/& 2 + 4 cos B = §(fc 2 + 4) cos a cos 0. 
Hence, 

, . 3a 2 (fc 2 +4) 3 f. (2sm- 1 -cos^-jd0 

6 128& 2 J -a Oo^ - a 

2 cos 2 — ^ — 
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By making imaginary exponential substitutions, or putting 9 = 2<£ + a and expanding, we find 

2 (fe 2 + 
512k 2 



J « = eioTa f sin ( 2fl + 2a) - 8 sin (9 + a) + 69 + i sin (39 + a) 



+ sin (0 + 3a) - 2 sin 29 - 49 cos 2a + 6 sin (9 - a)]2« 
= — 10 o7» IV sm a cos3 « — ¥ sin a cos a + a(l + 4 sin 2 a)] 



128fc 2 
a 2 (fc 2 + 4) 



[- 2fc(17fc 2 + 12) + (15& 2 + 12)(fc 2 + 4)a]. 



128fc 2 

Collecting results we find, since S = Ii — 7 2 — h + It, 

„_ f 9a 2 (fc 2 + 4) 2 3o 2 (fc 2 + 4)(5fc 2 + 12) a 2 (fc 2 + 4) 2 (15fc 2 + 12) \ 
a \ 32fc 2 + 128 128fc 2 J 

+ irrr *36(fc 2 + 4) - 48(fc 2 + 2) - 8fc 2 (fc 2 + 4) - 9fc 2 (fc 2 + 4) + (17fc 2 + 12)(fc 2 + 4)} 

D4/C 

= I f + J« 2 ^4^ a = |oA + |(4A 2 + a 2 )sin-i a 



2fc ' ** fc 2 »™ ' "™ ' "'— >fw + tf 

Also solved by G. W. Hartwell and the Peoposer. 

398A. Proposed by hma gibson, Drury College. 

[This problem was unnumbered in the December issue.] 
Solve the differential equation 

(»V + xy + xy + l)y + (xy - xy - xy + l)x -^ = 0. 

Solution by Frederick Wood, University of Wisconsin. 

The equation 

(xy + xy + xy + l)y + (xy — ay — xy + l)z -p = 

reduces to 

(xy + l)(2/dx + xdy) + (xy + xy)(ydx — xdy) = 
and finally to 

xy (ydx + xdy) + ydx + xdy — 2x i ydy = 
from which we get 

ydx + xdy + ^±^-f=0. 

This becomes, after integration, 

xy 2 log y — c, or xy — 2x« log c'y = 1. 

xy 

Also solved by H. Polish, W. W. Beman, H. S. Uhler, Elijah Swift, Horace Olson, 
S. E. Rasor, G. Keuligan, H. L. Agaed, Elmer Schuyler, and B. J. Brown. 
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Edited by U. G. Mitchell, University of Kansas. 
REPLIES. 

24. The following facts are significant: 

(1) The New England Association of Mathematics Teachers has appointed a committee 
" to investigate the current criticisms of high school mathematics." 

(2) A committee of the Council of the American Mathematical Society has under con- 
sideration the question " whether any action is desirable on the part of the Society in the matter 
of the movement against mathematics in the schools." 

(3) At the recent meeting in Cincinnati of the National Education Association an icono- 
clastic discussion on the topic: " Can algebra and geometry be reorganized so as to justify their 



